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We introduce a quantity called the coherence of purification which can be a measure of total quantumness
for a single system. We prove that coherence of purification is always more than the coherence of the system.
For a pure state, the coherence of purification is same as the relative entropy of coherence. Furthermore, we
show that the difference in the coherence of purification of a quantum state before and after the dephasing can
capture residual quantumness. In addition, we show that the entanglement of purification that can be created by
incoherent operation between two subsystems is upper bounded by the coherence of purification of the original
system. We show that the coherence of purification is a resource in quantum state discrimination process. In
the absence of coherence, entanglement and quantum correlations, the coherence of purification may play an
important role in quantum information processing tasks.
INTRODUCTION
The concept of superposition of quantum states for quan-
tum systems is one of the most important feature that makes
quantum system dramatically different than classical system.
Superposition gives rise to coherence and recently, there has
been a considerable effort devoted towards developing re-
source theory of quantum coherence [1–12]. This is also
a primitive resource which is central to other non-classical
resources and plays a key role in quantum foundation [13],
quantum thermodynamics [14–16], and various other direc-
tions [17–23]. The resource theory of coherence, developed
in Ref. [1], provides a set of conditions on a real valued func-
tion of quantum states for it to be a bona fide quantifier of
quantum coherence. This resource theory is based on the set
of incoherent operations as the free operations and the set of
incoherent states as the set of free states. The set of incoherent
states and the set of incoherent operations depend crucially on
the reference basis.
When we think of composite quantum systems, they can
contain variety of quantumness that are usually not seen in
the classical world. Last several years have witnessed some
of these non-classical features for bipartite and multipartite
quantum systems such as entanglement [24], discord [25–27],
work deficit [28–30], measurement induced non-locality [31],
non-local advantage of quantum coherence [32], and many
more which are useful resources in quantum information pro-
cessing. Given a single quantum system we know that it can
have some coherence which arises from the linear superposi-
tion principle. However, it is still not fully clear what are vari-
ous quantumness measures beyond coherence that one can as-
sociate with a single quantum system, although various other
resource theories, e.g., purity [35], or imaginarity [36] have
been put forward.
We introduce a new quantity, formally analogous to the en-
tanglement of purification [33], called as the coherence of pu-
rification for a density operator. This is not a measure of quan-
tum coherence, in general, as it does not satisfy properties of
a coherence monotone. It is the coherence of the purified state
of the density operator with minimum taken over all possible
purifications. Thus, it is an inherited quantumness from the
Church of the large Hilbert space. The coherence of purifica-
tion is always larger than the quantum coherence and hence
this can capture total quantumness for a single quantum sys-
tem. In this sense, the coherence of purification may capture
quantumness beyond coherence. The coherence of purifica-
tion for a pure state is same the coherence of the state itself,
as the state is already a pure state. Therefore, for a pure state
there is nothing beyond quantum coherence. If we take a de-
phased version of the density operator it may still have non-
zero coherence of purification. This means that an incoherent
state in a given basis can have finite amount of coherence of
purification. This, then motivates us to define a residual quan-
tumness as the difference between the coherence of purifica-
tion of the original state and the dephased state. This is be-
cause, even after the system looses all its coherence there can
be some quantumness left inside. Furthermore, we show how
to convert the coherence of purification to entanglement of
purification using only incoherent operation, thus, extending
the notion of inter convertibility between different resources.
Also, we show that for bipartite states the coherence of pu-
rification can be more than the entanglement of purification
(a measure of total correlations) as well as entanglement of
formation. As a concrete application, we illustrate how coher-
ence of purification can be regarded as a resource for quantum
state discrimination as well as an indicator of the success of
the state discrimination. We hope that the coherence of purifi-
cation may play an pivotal role in single as well as composite
systems where quantum coherence, entanglement, quantum
discord and other quantum correlations are absent.
RESOURCE THEORY OF COHERENCE
Resource theory of coherence needs free states and free op-
erations which are essentially the set of incoherent states and
incoherent operations, respectively. Since coherence is basis
dependent, we can fix a basis. Let us consider the compu-
tational basis, |i〉(i = 0, 1, . . . N) in Hilbert space H, with
N = dim H. The diagonal density matrices in this basis are
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2incoherent states and expressed as
δ =
∑
i
δii|i〉〈i|. (1)
The set of incoherent states is represented by I. The opera-
tions which keeps all incoherent states incoherent, are called
incoherent operations.
The quantification of resource is an important aspect for
its physical implications. Before going to define the mea-
sure of coherence of purification, we state here the basic re-
quirements for a valid measure of coherence. A valid mea-
sure of quantum coherence satisfies [1]: (i) Coherence van-
ishes for all incoherent state, C(δ) = 0 for all δ ∈ I, (ii)
Coherence should not increase under mixing of states, i.e.,∑
i piC(ρi) ≥ C(
∑
i piρi), (iii) Monotonicity under incoher-
ent completely positive and trace preserving (CPTP) maps, Φ:
C(ρ) ≥ C(Φ[ρ]), and (iv) Monotonicity under selective in-
coherent operations on average C(ρ) ≥ ∑i pnC(ρn), where
pn = Tr[KnρK
†
n], and ρn =
1
pn
KnρK
†
n with {Kn} is Kraus
decomposition of Φ.
In the present paper, we will make use of the relative en-
tropy of coherence for a state ρ which is defined as
CR(ρ) = minσ∈IS(ρ||σ), (2)
where I denotes the set of incoherent states. The relative en-
tropy of coherence admits the closed expression and is given
by CR(ρ) = S(∆[ρ]−S(ρ), where ∆[ρ] is the dephased den-
sity operator in the basis {|i〉}. This is also same as the dis-
tillable coherence of the state ρ which is the optimal rate for
asymptotic extraction of maximally coherent qubits via inco-
herent operations. Throughout this paper, we use the notion
of relative entropy of coherence to define the coherence of pu-
rification.
COHERENCE OF PURIFICATION
A quantum system A is associated with a Hilbert spaceHA
with dimension |A| := dim(HA). Let L(A) represent the set
of all linear operators on HA. We denote the set of quantum
states on the Hilbert spaceHA by B(A). The physical system
in a state ρ with subscript A indicates ρA ∈ B(A). If the
system is a pure state, we use Ψ to represent the pure state
density matrix |Ψ〉〈Ψ|. Given a ρA ∈ B(A), a purification
of ρA is a pure state ΨAB ∈ B(AB) with ρA = TrBΨAB .
Purification of a given density operator is not unique and can
have infinite number of purifications.
First, we define the coherence of purification for a density
operator ρ.
Definition: Let ρ = ρA be a density operator on HA. Let
|Ψ〉AB is the purified state of ρ with ρA = TrB [|Ψ〉AB〈Ψ|].
The coherence of purification for a single system in a state ρ
is defined as
CP (ρ) = minBCR(ΨAB), (3)
where we have denoted ΨAB = |Ψ〉AB〈Ψ| and the relative
entropy of coherence is defined as
CR(ΨAB)) = S(∆[ΨAB ]). (4)
If ρ =
∑
i pi|ψi〉〈ψi|, with |ψi〉′s being non-orthogonal, then
the purified state can be written as |Ψ〉AB =
∑
i
√
pi|ψi〉|i〉.
Since there are infinite number of purifications possible for a
given density operator, the coherence of purification can be
expressed as
CP (ρ) = minUBCR(IA ⊗ UB |Ψ〉AB〈Ψ|IA ⊗ U†B). (5)
In the sequel, we give explicit expressions for these quan-
tities. Consider a state ρ =
∑
i pi|ψi〉〈ψi| with the purified
state as |Ψ˜〉 = (I ⊗ UB)|Ψ〉AB =
∑
i
√
pi|ψi〉UB |i〉 =∑
i
√
pi|ψi〉|bi〉, where |bi〉 = UB |i〉. Let us define the
quantum coherence of the purified state using the basis
{|i〉A|bj〉B}. The dephased state in this basis is then given
by
∆[|Ψ˜〉〈Ψ˜|] =
∑
ij
gij |i〉〈i| ⊗ |bj〉〈bj | (6)
where gij = pjf
(j)
i , f
(j)
i = |〈i||ψj〉|2 with
∑
ij gij = 1 and∑
i |〈i||ψj〉|2 = 1 for all j. Therefore, the coherence of pu-
rification for any density operator in these basis is
CP (ρ) = minUBCR(Ψ˜) = −
∑
µ
gµ log gµ, (µ = ij)
= H(pj) +
∑
j
pjH(f
(j)
i ). (7)
Notice that we are using the basis {|i〉A|bi〉B} to define the
coherence, this helps to avoid the minimization. However, if
we define coherence in canonical basis such as {|i〉A|i〉B},
then we need to minimize. Thanks to the Schmidt decompo-
sition theorem, the coherence of purification can be evaluated
without minimization.
PROPERTIES OF COHERENCE OF PURIFICATION
Here, we prove some useful properties of the coherence of
purification. We first prove that CP is always larger than CR.
Then, we prove its monotonicity under dephasing and gen-
uinely incoherent operations. Thereafter, we prove the mono-
tonicity of CP under selective incoherent operation. Though,
the Coherence of purification is not a monotone under gen-
eral incoherent channel, proving that it is monotonous under
a specific subset of incoherent operations, shows a handy link
with the usual resource theory of quantum coherence. Finally,
we show that it satisfies continuity, that is, if two states are
sufficiently close, their coherences of purifications differ only
by a small amount. We further obtain bounds of coherence
of purification in terms of the mixedness and the coherence
cost of the relevant quantum state. Finally, we put forward
3propositions which seek to show the connection between the
entanglement of purification and our formulation of coherence
of purification for any bipartite quantum states.
Now, we will show that the coherence of purification
satisfies following properties:
Proposition 1: For any state ρ, it holds that CP (ρ) ≥
CR(ρ). The equality holds if ρ is a pure state.
Proof: For any bipartite state ρAB , the relative entropy of
coherence satisfies CR(ρAB) ≥ CR(ρA) + CR(ρB). Let
us assume that ΨAB is optimal purification, then we have
CP (ρ) = CR(ΨAB) ≥ CR(ρA)+CR(ρB). Hence, CP (ρ) ≥
CR(ρ). When ρ itself is a pure state then the optimal pu-
rification can be chosen such that CR(ρB) = 0 and hence
CP (ρ) = CR(ρ).
This shows that the amount of quantum coherence is always
less than or equal to the total quantumness contained in a state.
This is in accordance with our intuition that for a mixed state
there is some quantumness beyond coherence.
Proposition 2: Coherence of purification satisfies
monotonicity under complete dephasing maps, i.e.,
CP (ρ) ≥ CP (∆[ρ]), where ∆[ρ] =
∑
k ΠkρΠk with
Πk = |k〉〈k|.
Proof: The dephased state ∆[ρ] =
∑
k λk|k〉〈k|, where
λk =
∑
i pi|〈k|ψi〉|2. Consider the purification of ρD as
|Φ˜〉 = (I ⊗ UB)|Φ〉AB =
∑
i
√
λi|i〉|bi〉. The coherence
of purification for ∆[ρ] is given by
CP (∆[ρ]) = minUBCR(Φ˜) = minUBS(Φ˜
D) = −
∑
k
λk log λk,
(8)
where the coherence is again defined in {|i〉A|bi〉B} basis.
Note that the relative entropy of coherence CR(ρAB) satis-
fies
CR(ρAB) ≥ CR(ρA) + C(ρB) +max{DA→B , DB→A},
(9)
where DA→B and DB→A are the left and right sided quan-
tum discords, respectively. Since ρAB = Ψ˜AB and for
pure state both discords are same, i.e.,we have DA→B =
DB→A = S(ρA) = S(ρB). Further, in the basis {|i〉} we
have CR(ρA) = −
∑
k λk log λk − S(ρA) and in the basis
{|bi〉} we have CR(ρB) = 0. Therefore, this results in
CP (ρ) = CR( ˜ΨAB) ≥ CP (∆[ρ]) (10)
Now, let us briefly recapitulate that entanglement of purifi-
cation is monotonic under local operations. However, the co-
herence of purification is non-monotonic under arbitrary in-
coherent operations, an example being the completely depo-
larizing channel. Therefore, it is natural to wonder whether
there exists any subset of incoherent operations, just as local
operations are a subset of separable operations, for which the
coherence of purification is monotonic. Below, we answer
this question in the affirmative for a particular class of inco-
herent operations known as genuinely incoherent operations
(GIO) [37]. These are defined as incoherent operations with
the added constraint that ΛGIO preserves every diagonal state
σdiag, that is
ΛGIO(σdiag) = σdiag∀σdiag (11)
Proposition 3: Coherence of purification CP is monotonic
under Genuinely Incoherent Operations (GIO), that is for ev-
ery GIO channel ΛGIO acting on a quantum state ρA,
CP (ρA) ≥ CP (ΛGIO(ρA)) (12)
Proof: It is known [37] that the Kraus operators {Kn}
corresponding to the genuinely incoherent operations are di-
agonal in the relevant basis {|i〉}, i.e.,
Kn =
∑
i
λ
(n)
i |i〉〈i| (13)
Now, let us first show that the dephased version of a state is
identical to the dephased version of the state after undergoing
a GIO, that is, if ∆ is the dephasing map, then
∆[ΛGIO(ρ)] = ∆[ρ] (14)
To show this, let us note that the dephased version of the
state which has already undergone the GIO channel above
is given by ∆[ΛGIO(ρ)] =
∑
j,n〈j|KnρK†n|j〉|j〉〈j| =∑
j,n |λ(n)j |2〈j|ρ|j〉|j〉〈j| =
∑
j〈j|ρ|j〉|j〉〈j| = ∆[ρ]. In the
penultimate step, we used the normalization property of the
Kraus operators, i.e.,
∑
nK
†
nKn = I.
Now, let |Φ〉AB be the purified state corresponding to
ΛGIO(ρA). Then, the coherence of purification of ΛGIO(ρA)
is given by CR(ΦAB) = CR(ΛGIO(ρA)) + CR(ρB) +
D(ΦAB), where D is the symmetric discord, which is re-
placed by the entanglement entropy for pure states. Be-
cause the entropy of any subsystems of a pure state are
equal, the second and the third term both equals the von
Neumann entropy of ΛGIO(ρA), while CR(ΛGIO(ρA)) =
S(∆(ΛGIO(ρA))).
However, by the earlier result we proved, CR(ΛGIO(ρA)) =
S(∆(ΛGIO(ρA))) = S(∆(ρA)) = CP (ρ
D
A ). Now, by
Eq. (10), CP (∆(ρ)) ≤ CP (ρ). Thus, ΛGIO(ρA) ≤ CP (ρA).
This concludes the proof.
This is analogous to the case of entanglement of purification
which is monotonic under local operations.
Proposition 4: Coherence of purification cannot increase
on average under selective incoherent operations, i.e., it satis-
fies
CP (ρ) ≥
∑
n
pnCP (ρn),
4where pn = Tr[KnρK†n], and ρn =
1
pn
KnρK
†
n with {Kn}
is Krauss decomposition of Φ.
Proof: Let |Ψ〉AB is the optimal pure state for ρ. When
ρ → ρn = 1pnKnρK†n, it is equivalent to |Ψ〉AB →
|Ψn〉AB = 1pn (Kn ⊗ I)|Ψ〉AB . Now, using the monotonic-
ity of CR(ΨAB) under selective incoherent operation, we
have CP (ρ) = CR(ΨAB) ≥
∑
n pnCR(|Ψn〉AB〈Ψn|) ≥∑
n pnCP (ρn). The last inequality follows from the fact that
|Ψn〉AB is one possible purification for ρn, but may not be the
optimal one.
It should be mentioned that the coherence of purification is
neither convex nor concave, i.e., it does not satisfy the convex-
ity property. For example, we could have a incoherent mixed
state ρ = p0|0〉〈0| + p1|1〉〈1| and for this we do not have
CP (ρ) ≤ p0CP (|0〉〈0|) + p1CP (|1〉〈1|). Because, this sug-
gests that CP (ρ) = −p0 log p0 − p1 log p1 and RHS = 0,
thus violating convexity. Similarly, one can also find example
where it does satisfy convexity. Also, the coherence of purifi-
cation can increase or decrease under incoherent channel. For
example, consider a randomizing channel that transforms any
state ρ→ E(ρ) = Id . In this case, take ρ as an incoherent state∑
i pi|i〉〈i|. Then, CP (ρ) = −
∑
i pi log pi. However, the co-
herence of purification for Id is log d, i.e., under randomizing
channel it can increase.
Since the coherence of purification does not satisfy the
monotonicity and convexity akin to coherence measure, this is
not a quantifier of quantum coherence. In fact, as this aimed
to be, it captures something extra compared to quantum co-
herence.
Proposition 5 : Coherence of purification CP is continu-
ous, that is, if two quantum states ρA, σA belong to the same
Hilbert space HA, and the Uhlmann fidelity between them is
F , then the following inequality holds.
CP (σ)−CP (ρ) ≤ 2
√
1−F(ρ, σ) log d+h(
√
1−F(ρ, σ)),
(15)
where h is the Binary entropy, and d is the dimension of the
Hilbert space.
Proof : We shall assume without loss of generality that
CP (ρ) ≤ CP (σ). Now, let us assume the purifications of
ρ, and σ, respectively denoted as |Ψ〉, and |Φ〉, are the ones
that optimise the Uhlmann Fidelity F between these quantum
states. These are of dimension d2. Now, let us further assume
that the optimal purification |Ψ′〉 corresponding to coherence
of purification of ρ is given by a unitary transformation U on
|ψ〉. The same untary applied on the purification of σ will
produce a state |Φ′〉, which will, in general not be equal to
the optimal pure state |ξ〉 for coherence of purification of σ.
However, since |Φ′〉, and |Ψ′〉 are unitarily connected, they
also share the same optimal Uhlmann fidelity.
Thus, CP (σ) − CP (ρ) ≤ CR(|Φ′〉〈Φ′|) − CR(|Ψ′〉〈Ψ′|) =
S[∆(|Φ′〉〈Φ′|)]− S[∆(|Ψ′〉〈Ψ′|)].
Now, by Fannes’ inequality [39], S[∆(|Φ′〉〈Φ′|)] −
S[∆(|Ψ′〉〈Ψ′|)] ≤ 2T (∆(|Φ′〉〈Φ′|),∆(|Ψ′〉〈Ψ′|)) log d2 +
h(T ), where h is the Binary entropy. Now, by Ruskai’s
proof of monotonicity of trace distance under CPTP maps
[38], T (∆(|Φ′〉〈Φ′|),∆(|Ψ′〉〈Ψ′|)) ≤ T (|Φ′〉, |Ψ′〉) =√
1−F(ρ, σ). Using this expression, we finally get the de-
sired inequality
CP (σ)−CP (ρ) ≤
√
1−F(ρ, σ) log d2 +h(
√
1−F(ρ, σ))
Now, let us try to bound the coherence of purification from
above. To this end, we have to consider a coherence mea-
sure. A well known resource measure is the so called resource
cost, which quantifies the rate at which pure coherent states
have to be consumed to form a mixed state ρ. For coher-
ence, the coherence cost equals the coherence of formation
Cf [3]. We show below, that the coherence of purification
is bounded above by the sum of the coherence of formation
and the mixedness in terms of von-Neumann entropy of the
quantum state.
Proposition 6: For any state ρA, the coherence is purifi-
cation CP is non-trivially bounded above by the sum of the
coherence of formation Cf and the von Neumann entopy S of
the state, that is,
CP (ρA) ≤ Cf (ρA) + S(ρA) (16)
Proof: Assume the optimal pure state decomposition in
the context of the process of formation corresponding to the
mixed state ρA is written as ρA =
∑
i pi|ψi〉A〈ψi〉. Thus,
the coherence of formation equals CF =
∑
i piCR(|ψi〉A) ≥
CR (
∑
i pi|ψi〉A〈ψi|), where the last inequality follows from
the convexity of relative entropy of coherence. Now, a
generally non-optimal purification of the above state ρA is
the pure state |Ψ〉AB =
∑
i
√
pi|ψi〉A ⊗ |i〉B . The co-
herence of purification CP (ρA) is thus upper bounded by
CR
(∑
i
√
pi|ψi〉A ⊗ |i〉B
)
. The probability vector corre-
sponding to the dephased version of this state is given by fk =
diag{pn|〈ψn|m〉|2}m,n, whose Shannon entropy H(fk), k =
(m,n) is identical to the the Shannon entropy of the dephased
mixed state formed by the dephased version of the original
state ρA. Combining the above facts, we obtain the requisite
relation CP (ρA) ≤ S(ρA) + Cf (ρA)
RESIDUAL QUANTUMNESS
Consider a quantum state in a mixed state ρ and let us per-
form a complete projective measurement on the system. After
measurement the state changes as ρ → ∑k ΠkρΠk = ∆[ρ].
The resultant density operator will be an incoherent one in the
measured basis. However, the coherence of purification of the
original and the dephased states are in general different. After
the dephasing operation, the state looses all its coherence, yet
its coherence of purification can be non-zero. We propose that
the coherence of the purification of the state before and after
5the complete measurement may capture residual quantumness
QR, i.e.,
QR(ρ) = CP (ρ)− CP (∆[ρ]). (17)
Since the coherence of purification cannot increase under de-
phasing operation, we have CP (ρ) ≥ CP (∆[ρ]) and hence
QR(ρ) is positive. Therefore, the residual quantumness in this
basis is given by
QR(ρ) =
∑
k
λk log λk −
∑
µ
gµ log gµ. (18)
This shows that even if we choose an arbitrary basis for
the ancilla system, any mixed state can contain some residual
quantumness. However, for a pure state the residual quantum-
ness is identically zero. Therefore, for a pure state there is no
quantumness beyond coherence and no residual quantumness.
We now work out an explicit example of calculating the
coherence of purification for the family of qubit states ρA =
p|+〉〈+| + (1 − p)|−〉〈−|. Then a possible purification is
|ψ〉AB = √p|+〉|0〉 +
√
1− p|−〉|1〉. Now, the coherence of
purification is given by
CP (ρA) = min
UB
CR(I⊗ UB)|Ψ〉AB (19)
By symmetry, without loss of generality, we choose this uni-
tary to be a real rotation parametrized by angle θ. Hence, the
coherence of purification is given by
CP (ρA) = min
θ
H˜
(
(
√
p cos θ −
√
1− p sin θ))2
)
, (20)
where H˜(x) = −x log x/2− (1− x) log(1− x)/2. By min-
imizing over θ for every p, we have to compute the coher-
ence of purification. We note that H˜(x) is minimized when
x = 0, 1, or in this example, for θ = ± arccos(±√1− k).
By putting this in, we obtain that CP (ρA) = 1, which is equal
to the coherence of purification of the dephased state, which
also vindicates our choice of real unitaries, since coherence of
purification is monotnous under dephasing maps.
LINK WITH ENTANGLEMENT OF PURIFICATION
One of the motivations behind studying the coherence of
purification is supplied by the analogous quantity called the
entanglement of purification which is a measure of total cor-
relation for any bipartite state. Given a bipartite state ρAB , the
entanglement of purification EP (AB) is defined as [33]
EP (AB) = minA′B′EF (ΨAA′:BB′), (21)
where ΨAA′:BB′ is a purification of ρAB and EF (ΨAA′:BB′)
is the entanglement of formation of the pure state across the
bipartition AA′ : BB′. The entanglement of purification was
introduced with the aim that one can define the total corre-
lation of any bipartite state using the entanglement unit in
a unified manner. It should be noted that unlike the mutual
information which is also a measure of total correlation, the
entanglement of purification behaves differently in many re-
spects for tripartite systems [34]. Here we show that these
two quantities are connected to each other in the following
way.
Proposition 7: The coherence of purificationCP of a quan-
tum state ρA upper bounds the amount of entanglement of pu-
rification EP that can be created by incoherent operations on
the joint system AB.
Proof : Let us assume the optimal purification for co-
herence of ρA is obtained as |Ψ〉AA′ . That is, CP (ρA) =
CR(ΨAA′). Now, there exists an incoherent map ΛI , such
that the relative entropy of entanglementER is connected with
the relative entropy of coherence CR in the following manner
[12].
ER(AA
′ : BB′) (ΛI [|Ψ〉AA′ ⊗ |0〉BB′ ]) = CR(|Ψ〉AA′) = CP (ρA)
(22)
The explicit action of the map ΛI is given by the gener-
alized CNOT unitary U =
∑dAA′−1
i=0
∑dAA′−1
j=0 |i〉AA′〈i| ⊗
| mod (i + j, d)〉BB′〈j| +
∑dAA′−1
i=0
∑dBB′−1
j=0 |i〉AA′〈i| ⊗
|j〉BB′〈j| which is an universal incoherent operation.
Using the fact that for a pure state, EF = ER and this
purification of the global system AA′ : BB′ may not be opti-
mal from the perspective of entanglement of purification, we
have CP (ρA) = EF (AA′ : BB′) (ΛI [|ψ〉AA′ ⊗ |0〉BB′ ]) ≥
minA′B′ EF (ΨAA′:BB′) = EP (ρAB).
Thus,we get the desired result
CP (ρA) ≥ EP (ρAB) (23)
This
shows that the coherence of purification is the maximum en-
tanglement of purification that can be created via incoherent
operation acting on the system and incoherent ancilla. This
result complements earlier results that shows how coherence
measure can be converted to entanglement measures as well
quantum correlation measures. Here, even though the coher-
ence of purification is not a coherence measure, still it can be
converted to total correlation measure under similar setting.
Proposition 8 : The optimal purification of any bipartite
quantum state with respect to its coherence of purification
is the same as the optimal purification of that state with re-
spect to the entanglement of purification and CP (ρAB) ≥
EP (ρAB).
Proof: For a bipartite state ρAB with the correspond-
ing optimal purifications ΨAA′BB′ with respect to the coher-
ence of purification EP . Now, the coherence of purification
CP (ρAB) = CR(PsiAA′BB”) = CR(ρAA′) + CRρBB′ +
6D(ΨAA′BB′), where D is the symmetric discord, across the
bi-partition AA′ : BB′ which equals entanglement entropy
for pure states, i.e., S(AA′). Therefore,
CP (ρAB) ≥ CR(ρAA′) + CR(ρBB′) + EP (ρAB), (24)
where the last inequality follows from the fact that the optimal
purification from the standpoint of entanglement of purifica-
tion may be different from that the above purification.
Now, let us assume |Φ〉AA′BB′ is the optimal pure state
with respect to entanglement purification. then EP (ρAB) +
CR(ρBB′) + CR(ρAA′) = S(ρAA′) + CR(ρBB′) +
CR(ρAA′) = CR|φ〉AA′BB′ ≥ CP (ρAB). Therefore,
CP (ρAB) ≤ CR(ρAA′) + CR(ρBB′) + EP (ρAB), (25)
Combining the inequalities (24), and (25), we note that this
is an equality, and hence the optimal purification for EP is
also the optimal purification for CP and also CP (ρAB) ≥
EP (ρAB).
APPLICATION TO THE ASSISTED OPTIMAL STATE
DISCRIMINATION
In this section, we discuss how coherence of purification
has a direct link with the the sucesss probability of the as-
sisted optimal state discrimination (AOSD) protocol [40–43]-
which seeks to maximise the probability of distinguishing be-
tween two different preparations (generally non-orthogonal)
of a quantum state in an assisted way, that is, by using an
auxillary. This protocol is interesting for the reason that the
operational advantage owing to the utilization of an auxillary
persists even when the system and the auxillary qubit do not
share any entanglement. It was argued in Ref. [40] that for
the case of zero entanglement, the advantage can be ascribed
to the presence of quantum discord, or dissonance, in the joint
system-auxiliary state, concentrating specifically on the case
where the preparations to be distinguished are equally proba-
ble. In this section, we show that in this case, the optimal suc-
cess probability is solely determined (one-to-one, and mono-
tonically increasing) by the coherence of purification of the
reduced system state.
The basic AOSD protocol is the following. A quantum system
S is randomly prepared in one of two non-orthogonal states
|ψ+〉, and |ψ−〉 with a priori probabilities p+, and p− respec-
tively. The goal is to optimally discriminate between these
two preparations. Now, another auxiliary qubit A prepared in
the state |A〉 is coupled to the system by the joint unitary Uk
such that
U |ψ+〉|A〉 =
√
1− |α+|2|+〉|0〉+ α+|0〉|1〉
U |ψ−〉|A〉 =
√
1− |α−|2|−〉|0〉+ α−|0〉|1〉 (26)
It can be easily verified that corresponding overlap function
α = 〈ψ+|ψ−〉 = α = α∗+α− remains unchanged even after
the application of the joint unitary. Thus, the prepared joint
state of the system and the auxiliary qubit after the joint uni-
tary reads as
ρSA = p+U(|ψ+〉〈|ψ+| ⊗ |A〉〈A|)U† + p−U(|ψ−〉〈|ψ−| ⊗ |A〉〈A|)U† (27)
The corresponding success probability ps of unambiguous
state discrimination is given by
ps = 1− p+|α+|2 − p−|α−|2 (28)
To show that the coherence of purification is a resource,
we consider the scenario where two states have been prepared
with equal a priori probabilities, i.e., p+ = p− = 1/2. In this
case the reduced system state ρS is given by
ρS =
 1− ps2 14 ( |α|2|α+|2 − |α+|2)
1
4
(
|α|2
|α+|2 − |α+|2
)
ps
2
 (29)
The concurrence of the joint system-auxiliary state vanishes
in the case of equal a priori probabilities for the following two
conditions [40]
1. For optimal success probability,
|α+| =
√
|α|, 0 ≤ |α| ≤ 1 (30)
2. For constant success probability,
|α+| =
√
1±√1− 4|α|2
2
, 0 ≤ |α| ≤ 1/2 (31)
In the first case, the systemic density matrix takes the sim-
ple form
ρS =
(
1− ps2 0
0 ps2
)
(32)
Thus, the system state ρ, given by Eq. (32) above, is a diago-
nal state. For any diagonal state, the coherence of purification
is simply the Shannon entropy of its eigenvalues. The eigen-
values here are λ1 = 1− ps2 , and λ2 = ps2 . Therefore, the co-
herence of purification of this state is given by h(ps/2), where
hx = −x log2 x− (1− x) log2(1− x) is the binary entropy.
Thus, the coherence of purification is always monotonic with
the success probability ps (See Fig. 1 for a depiction). There-
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FIG. 1. Coherence of purification CP vs. success probability ps, in
the case of vanishing entanglement and optimal success probability
in the AOSD scheme for equal a priori probabilties.
fore, we argue that in the absence of entanglement, the coher-
ence of purification can also be looked at as the resource for
assisted optimal state discrimination, as far as obtaining the
optimal success probability is concerned.
Interestingly, there is another case where the coherence of
purification may again be shown as the operational resource
behind the AOSD protocol. Let us imagine that we have an
AOSD protocol being executed. Assume that in this setup,
the system part of the joint state ρSA undergoes a completely
dephasing channel ∆ after the auxiliary system couples with
the system qubit. In this case, the coherence of purification
of the dephased state ∆(ρS) is formally given once more by
the density matrix in Eq. (32). Thus, in this case as well,
the coherence of purification CP of the completely dephased
system state is given by CP (∆(ρS)) = h(ps2 ), which once
more is monotonous with the success probability. Thus, in
these cases at least, by measuring the coherence of purification
one can infer the success probability of the AOSD.
DISCUSSIONS AND CONCLUSIONS
The quest for quantumness in a single system is far from
being settled. In this work, we ask: Given a single quantum
can there be some quantumness beyond coherence? To answer
this question, we have introduced a quantity called the coher-
ence of purification which can be a measure of total quantum-
ness for a single system. It is defined to be the coherence of
the purified state of the density operator with minimum taken
over all possible purifications. The coherence of purification
for any mixed state is always larger than the quantum coher-
ence and hence this can capture total quantumness for a single
quantum system. However, the coherence of purification is
not a measure of coherence. The coherence of purification for
a pure state is same the coherence of the state itself, as the
state is already a pure state. Therefore, for a pure state there
is nothing beyond quantum coherence. If we take a dephased
version of the density operator it may still have non-zero co-
herence of purification. This means that an incoherent state
in a given basis can have finite amount of coherence of purifi-
cation. We have shown that the coherence of purification is
the maximal entanglement of purification that can be created
using only incoherent operation. We have also shown that for
bipartite states the coherence of purification can be more than
the entanglement of purification as well as entanglement of
formation. Finally, we have argued that the coherence of pu-
rification is a monotonic function of the success probability
in quantum state discrimination problem under certain cases.
Our work raises many interesting questions for single as well
as multipartite systems. In particular, we note that the regular-
ized entanglement of purification is equal to the entanglement
cost in the limit of asymptotically vanishing classical com-
munication, as proved in Ref. [33]. In a similar spirit, we
conjecture that the regularized version of coherence of purifi-
cation shall be equal to the coherence cost under some specific
conditions. We look forward to a resolution of this conjecture.
Furthermore, in future, it will be worth exploring if the coher-
ence of purification acts as useful resource in the absence of
quantum coherence, entanglement, quantum discord and other
quantum correlations.
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